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The neutron population in a nuclear reactor is subject to fluctuations in time and in space due
to the competition of diffusion by scattering, births by fission events, and deaths by absorptions.
As such, fission chains provide a prototype model for the study of spatial clustering phenomena. In
order for the reactor to be operated in stationary conditions at the critical point, the population of
prompt neutrons instantaneously emitted at fission must be in equilibrium with the much smaller
population of delayed neutrons, emitted after a Poissonian time by nuclear decay of the fissioned
nuclei. In this work, we will show that the delayed neutrons, although representing a tiny fraction
of the total number of neutrons in the reactor, have actually a key impact on the fluctuations, and
their contribution is very effective in quenching the spatial clustering.
PACS numbers: 05.40.Fb, 02.50.-r
I. INTRODUCTION
Many physical and biological systems can be repre-
sented in terms of a collection of individuals governed
by the competition of the two basic random mechanisms
of birth and death. Examples are widespread and en-
compass neutron multiplication [1–3], nuclear collision
cascades [3–5], epidemics and ecology [6–8], bacterial
growth [9, 10], and genetics [11–13]. Neglecting particle-
particle correlations and non-linear effects, the evolu-
tion of such systems can be effectively explained by the
Galton-Watson model [3]. When the death rate is larger
than the birth rate, the system is said to be sub-critical:
the population size decreases on average, and the ulti-
mate fate is extinction. This occurs for instance for nu-
clear collision cascades, where charged particles are pro-
gressively scattered and absorbed by the medium [3, 5].
When on the contrary the birth rate is larger than the
death rate, such as for bacteria reproducing on a Petri
dish [10], the system is said to be super-critical. In this
case, the population size grows on average. However, be-
cause of fluctuations on the number of individuals in the
population, a non-trivial finite extinction probability ex-
ists for the whole system [3]. A super-critical regime is
typically found also during the early stages of an epidemic
(the so-called ‘outbreak’ phase), where a fast growth of
the infected population is observed, until non-linear ef-
fects due to the depletion of susceptible individuals ulti-
mately slow down the epidemic [14]. In the intermediate
regime, the population stays constant on average, and
the system is said to be exactly critical. A prominent ex-
ample of a system operating at (or close to) the critical
point is provided by the self-sustaining fission chains of
neutrons in nuclear reactors [1, 2].
In most of the models cited above, individuals also
interact with the surrounding environment and are typi-
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FIG. 1: (Color online) Monte Carlo simulation of a collection
of 103 branching Brownian motions at four successive times:
(a) t = 0, (b) t = 10, (c) t = 50, (d) t = 100. Starting
from a uniform spatial distribution at the initial time, the
population later shows a wild patchiness due to the interplay
between diffusion, reproduction and absorption.
cally subject to random displacements [2, 15]. The inter-
play between the fluctuations stemming from birth-death
events and those stemming from diffusion will thus sub-
tly affect the spatial distribution of the particles in such
systems [16–20]. Indeed, it has been shown that at and
close to the critical point fluctuations due to births and
deaths become particularly strong [3]: the spatial distri-
bution of the individuals, although uniform at the ini-
tial time, may eventually display a wild patchiness (see
Fig. 1), with particles closely packed together and empty
spaces nearby [10, 21–23]. Spatial clustering phenomena
have been first identified in connection with mathemat-
ical models of ecological communities [24, 25], and since
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2then have been thoroughly investigated for both infinite
and finite collections of individuals [21–28].
Non-uniform neutron densities in the reactor fuel el-
ements (which have been named ‘neutron clustering’)
might lead to hot spots, and thus represent a most unde-
sirable event with respect to the safe operation of nuclear
power plants [29, 30]. In view of the relevance of neutron
clustering in the context of nuclear reactor physics, in this
paper we will investigate the spatial and temporal be-
haviour of a collection of neutrons undergoing scattering
(random displacements), fission (reproduction) and ab-
sorption (death). As illustrated in the following, a proto-
type model of a nuclear reactor can be described in terms
of a multi-type branching process involving an equilib-
rium between neutrons and a second species of parti-
cles, the so-called precursors [1–3]. Upon fission, a ran-
dom number of secondary neutrons (called prompt) are
emitted almost instantaneously. Precursors are also cre-
ated by neutrons in very small numbers at fission events,
and decay back to neutrons after Poissonian distributed
times: such supplementary neutrons stemming from the
decay of precursors are called delayed [31].
The central goal of this paper will be to show that the
presence of the delayed neutrons, despite their very small
amount (typically less than 1% of the total number of
fission neutrons [31]), actually has a quantitative impact
on neutron clustering and is very effective in suppressing
the fluctuations that are usually observed in birth-and-
death systems close to the critical point.
This paper is organized as follows: in Sec. II we will
present a simple statistical model of fission chains in a
nuclear reactor. Then, in Sec. III we will discuss our
findings for the physical observable of interest, namely,
the average and the second moments of the total neutron
and precursor populations. In Sec. IV, we will intro-
duce the two-point correlation functions, so as to extend
our analysis to the spatial behaviour of the fluctuations.
Conclusions will be finally drawn in Sec. V. Detailed cal-
culations for the physical observables will be provided in
series of Appendices.
II. A PROTOTYPE MODEL OF FISSION
CHAINS IN NUCLEAR REACTORS
Nuclear reactors are devices aimed at extracting en-
ergy from the fission chains induced by neutrons [31]. To
fix the ideas, here we will roughly sketch the key elements
of a water-moderated reactor. The nuclear fuel is basi-
cally composed of uranium, arranged in a regular lattice
within a cylindrical steel vessel filled with water. A fis-
sion chain begins with a neutron emitted at high energy
from a fission event on uranium (see Fig. 2). The neu-
tron enters the surrounding water and progressively slows
down towards thermal equilibrium (the so-called modera-
tion phase). Once at thermal energies, the neutron starts
diffusing in the water and may eventually re-enter a fuel
element of the lattice. Then, the low-energy neutron can
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FIG. 2: (Color online) Simplified sketch of fission chains in
a water-moderated reactor. A chain begins with a neutron
emitted from a fission event (1) in the fuel (F). The neu-
tron diffuses (2) in water (W) and may later come back to
the fuel, where it can either undergo an absorption event (3,
marked as a magenta circle), or a new fission event (4). In
this latter case, a number of prompt neutrons are emitted
instantaneously (marked as black circles). At a later time,
following the decay of the excited fissioned nuclei (marked as
green circles), a small fraction of delayed neutrons are also
emitted and start diffusing in water (5). Both prompt and
delayed neutrons contribute to sustaining the fission chains.
either i) be absorbed on the 238U isotope of uranium, in
which case the chain is terminated; or ii) induce fission on
the 235U fissile isotope. In this case, the collided nucleus
becomes unstable: after a negligible time lapse, it splits
into several fragments (typically two) and sets free a vari-
able number of high-energy neutrons (about 2.5 on aver-
age), which are labelled as prompt, and a large amount of
energy. The number of fissile nuclei in the reactor core is
extremely large, and can be considered constant to a first
approximation. The fission fragments are usually left on
an excited state and may later decay by a β− nuclear
reaction: the energy release on β-transformation is how-
ever in a number of cases sufficiently great to excite the
product nucleus to a point where a supplementary high-
energy neutron is sent out into the system [32]. Since
these extra neutrons are emitted after the decay time of
the β− nuclear reactions, they are labelled as delayed (as
opposed to prompt). Both prompt and delayed neutrons
initiate new fission chains.
The full spatial-dependent behaviour of the neutron
population in a nuclear reactor can be fully assessed only
by resorting to numerical simulations including a realis-
tic description of the heterogeneous geometry and of the
compositions of the core components [29, 31]. However,
for the purposes of this work we will introduce a pro-
totype model of a nuclear reactor that is simple enough
in order for the relevant physical mechanisms to be sin-
gled out, and yet retains all the key ingredients of a real
system.
The stochastic paths of neutrons within multiply-
3ing media are known to follow position- and velocity-
dependent random flights [2, 33, 34]. To begin with, the
reactor will be taken to be spatially homogeneous and the
random displacements will be approximated by regular d-
dimensional Brownian motion with a constant diffusion
coefficientD. The interaction rates of neutrons with mat-
ter can be safely assumed to be Poissonian: a neutron is
absorbed and disappears at rate µ, and undergoes fission
at rate α. We will neglect the energy dependence of the
probability of fission and capture, and assume that fission
can be modelled as a Galton-Watson reproduction pro-
cess [3]: the parent neutron disappears and is replaced by
a random number i of identical and independent prompt
neutrons, behaving as the parent particle, and a random
number j of so-called precursors. The precursors concep-
tually represent the delayed neutrons being in a ‘virtual
state’ before the β− decay of the fission fragments, which
sets them free into the system. There exists a joint prob-
ability Pi,j of generating i neutrons and j precursors at
the fission event, the realization {i, j} being possibly cor-
related [1, 2]. We will denote by λ the decay rate of the
β− reaction, upon which the precursors disappear to give
rise to a delayed neutron.
The mechanism described above formally defines a
multi-type branching process [1, 3], particle types be-
ing neutrons and precursors. Similar behaviours appear
also in stochastic biological models of epidemics with dor-
mancy rates, such as for instance for the case of scabies
or HIV, where patients with apparent symptoms and pa-
tients during incubation would take the roles of neutrons
and precursors, respectively [2, 6–8].
III. STATISTICAL ANALYSIS OF THE TOTAL
POPULATIONS
Let us initially consider the evolution of the whole neu-
tron and precursor populations, by ignoring the spatial
effects. The system dynamics can be formulated in terms
of the transition rates between different discrete states of
a two-dimensional Markov chain. Consider a state com-
posed of n neutrons and m precursors at time t. Then,
the system
• has a transition {n,m} → {n− 1,m} with rate µn,
• has a transition {n,m} → {n − 1 + i,m + j} with
rate αi,jn = αPi,jn,
• has a transition {n,m} → {n+ 1,m− 1} with rate
λm.
A scheme is illustrated in Fig. 3. Following these defi-
nitions, the forward master equation for the probability
Pt(n,m) that at time t the system contains exactly n
n → n + 1
m → m - 1
λ
n → n - 1n → n - 1 + i
m → m + j
µαi,j
(a) (b)
(c)
FIG. 3: (Color online) A scheme of the key events involved
in the evolution of the neutron and precursor populations.
(a) At fission, a random number of i prompt neutrons and j
precursors are created with rate αi,j , and the incident neutron
is lost. (b) At absorption, with rate µ, the incident neutron
is lost. (c) Upon decay, with rate λ a precursor gives rise to
a delayed neutron.
neutrons and m precursors is given by
∂
∂t
Pt(n,m) = −µnPt(n,m)− λmPt(n,m)
−
∑
i,j
αi,jnPt(n,m) + µ(n+ 1)Pt(n+ 1,m)
+
∑
i,j
αi,j(n+ 1− i)Pt(n+ 1− i,m− j)
+ λ(m+ 1)Pt(n− 1,m+ 1). (1)
A. Average number of particles
By algebraic manipulations, from the master equa-
tion we can derive the evolution equations for the
moments (see Appendix A). For the average number
of particles 〈n(t)〉 = ∑n,m nPt(n,m) and 〈m(t)〉 =∑
n,mmPt(n,m), we get in particular the system
∂
∂t
〈n(t)〉 = (ρ− ανm)〈n(t)〉+ λ〈m(t)〉
∂
∂t
〈m(t)〉 = ανm〈n(t)〉 − λ〈m(t)〉, (2)
where we have introduced the average number
νn =
∑
i,j
iPi,j (3)
of prompt neutrons instantaneously emitted per repro-
duction event and the average number
νm =
∑
i,j
jPi,j (4)
of precursors created per reproduction event. The ra-
tio νm/(νn + νm) for water-moderated reactors is about
40.6% [31]. The quantity ρ = α(νn + νm − 1) − µ physi-
cally represents the net reactivity of the system per unit
time [31], i.e., the difference between the production rate
and the loss rate. For safety reasons, the net reactiv-
ity of nuclear reactors is typically weak, in the form of
small perturbations around ρ = 0: this is usually im-
posed by varying the position of the control elements in
the core, which increases or decreases the neutron ab-
sorption within the nuclear reactor [31]. The system is
said to be super-critical if ρ > 0, sub-critical if ρ < 0,
and exactly critical if ρ = 0.
The evolution of 〈n(t)〉 and 〈m(t)〉 is fully determined
by assigning the initial conditions 〈n(0)〉 = n0 and
〈m(0)〉 = m0. Nuclear reactors are operated at and
close to the critical point, so that it is convenient to as-
sume that at time t = 0 the average neutron and pre-
cursor populations are at equilibrium with zero reactiv-
ity: this condition is achieved by setting ∂t〈n(t)〉|t=0 =
∂t〈m(t)〉|t=0 = 0, which yields ανmn0 = λm0. The quan-
tity η = λ/(ανm) physically represents the ratio between
the rate at which precursors disappear by giving rise to
delayed neutrons and the rate at which precursors are
created by fission events. In the following, we will always
assume that the system is prepared on a zero-reactivity
equilibrium configuration at time t = 0, i.e., n0 = ηm0,
which implies the initial conditions
〈n(0)〉 = n0, 〈m(0)〉 = n0
η
. (5)
Actually, one could consider more generally a configura-
tion where precursors are initially absent, and a neutron
source is present at time t = 0. In this case, precur-
sors will be created by fission. If the net reactivity of
the system is zero, the number of neutrons will level off
to a constant asymptotic value, and so will the number
of precursors (see Appendix B). Once equilibrium is at-
tained, one can verify that the ratio between the neutron
and precursor population is again η. In this respect, the
main advantage of choosing an initial equilibrium config-
uration for the two populations is that it allows neglect-
ing the convergence towards the asymptotic equilibrium.
Equations (2) can be solved exactly (see Appendix B). If
the net reactivity is weak, as required above, expanding
in small powers of |ρ| yields the asymptotic solutions
〈n(t)〉 ' n0 1 + η + 
1 + η
eωt,
〈m(t)〉 ' m0 1 + η − η
1 + η
eωt (6)
for long times, where
ω =
η
1 + η
ρ (7)
is the characteristic reactor period, and for the sake of
convenience we have introduced the rescaled reactivity
 =
ρ
ανm
1
1 + η
. (8)
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FIG. 4: (Color online) Evolution of the average neutron
population 〈n(t)〉 (a) and the average precursor population
〈m(t)〉 (b), starting from a zero-reactivity equilibrium con-
dition. Solid lines are the exact solutions in Eqs. (B2), and
dashed lines are the asymptotic solutions provided in Eqs. (6).
The parameters are the following: n0 = 10
3, η = 8.333×10−3,
ανm = 1.2 and λ = 10
−2. Red (upper) curves correspond to
a supercritical reactor with ρ = 5×10−3, green (lower) curves
correspond to a subcritical reactor with ρ = −5 × 10−3, and
blue (central) curves correspond to an exactly critical reactor
with ρ = 0.
The sign of the period ω depends on the net reactivity:
for ρ > 0, ω > 0 and the average populations asymptot-
ically diverge in time; for ρ < 0, ω < 0 and the aver-
age populations asymptotically shrink to zero; for ρ = 0,
ω = 0 and the populations stay exactly constant in time.
For the three cases, the ratio
〈n(t)〉
〈m(t)〉 ' η(1 + ) (9)
converges to a constant for long times.
Equations (6) are very effective in approximating the
exact behaviour of the average neutron and precursor
densities in the weak reactivity regime (see Fig. 4 for a
numerical example). The accuracy of the approximation
increases with decreasing η. For typical nuclear systems,
the coefficient η is rather small, about η ' 10−3 [31],
which follows from the strong separation between the
rate at which precursors are created (ανm) and the rate
at which precursors are converted to delayed neutrons
(λ). This implies that at equilibrium the initial pre-
cursor population m0 = n0/η is much larger than the
initial neutron population n0. Under this assumption,
Eqs. (6) basically say that the average densities have an
almost instantaneous jump n0 → n0(1 + η + )/(1 + η)
and m0 → m0(1 + η − η)/(1 + η), respectively, followed
by an exponential growth or decrease (depending on the
sign of ρ) with an identical period ω. This result is due
5to the strong separation of the characteristic time scales
of the system for small η (see Appendix B), and is co-
herent with the classical results for average observables
in reactor physics [31]. When η is small, precursors have
a buffering effect on the evolution of the neutron popu-
lation: this can be understood by summing up Eqs. (2),
which yields
∂
∂t
[〈n(t)〉+ 〈m(t)〉] = ρ〈n(t)〉. (10)
Then, from Eq. (9) at the leading order we have
1 + η
η
∂
∂t
〈n(t)〉 = ρ〈n(t)〉, (11)
which implies that reactivity ρ is slowed down by a factor
η for small values of this parameter.
If the neutron and precursor populations were fully
decoupled, and the reactor were to be run based on
prompt neutrons alone (
∑
i Pi,j = δj,0, so that νm = 0,
and λ = 0 for any m0), the net reactivity would be
ρp = α(νn − 1)− µ, and we would have
〈n(t)〉p = n0eωpt (12)
with ωp = ρp [28]. We have used the subscript p to denote
quantities related to purely prompt systems. Since νm 
νn, then ρp ' ρ, whence also ωp ' ω/η. By inspection,
we thus have 〈n(t)〉 ' 〈n(ηt)〉p in the weak reactivity
regime. In other words, in the presence of precursors
the time at which the neutron population exponentially
grows or shrinks is rescaled by a factor t→ ηt, with η 
1. We rediscover here that delayed neutrons, despite their
small number, are therefore essential for reactor control
thanks to the buffering effect of precursors [31].
B. Equations for the second moments
It is customary to introduce the normalized and cen-
tered second moments, in the form
u(t) =
〈n2(t)〉 − 〈n(t)〉2
〈n(t)〉2 (13)
v(t) =
〈n(t)m(t)〉 − 〈n(t)〉〈m(t)〉
〈n(t)〉〈m(t)〉 (14)
w(t) =
〈m2(t)〉 − 〈m(t)〉2
〈m(t)〉2 . (15)
The evolution equations for these quantities are derived
in Appendix C, and read
∂
∂t
u(t) = −2 λ
χt
u(t) + 2
λ
χt
v(t)
+
1
〈n(t)〉
(
αν(2)n + ανm +
λ
χt
− ρ
)
, (16)
∂
∂t
v(t) = ανmχtu(t)−
(
λ
χt
+ ανmχt
)
v(t)
+
λ
χt
w(t) +
1
〈n(t)〉 (ανnmχt − ανmχt − λ) , (17)
∂
∂t
w(t) = 2ανmχtv(t)− 2ανmχtw(t)
+
1
〈n(t)〉
(
αν(2)m χ
2
t + ανmχ
2
t + λχt
)
, (18)
where we have defined the factorial moments
ν(2)n =
∑
i,j
i(i− 1)Pi,j , ν(2)m =
∑
i,j
j(j − 1)Pi,j (19)
and the cross-moment
νnm =
∑
i,j
ijPi,j , (20)
and we have set χt = 〈n(t)〉/〈m(t)〉. The initial condi-
tions are u(0) = 0, v(0) = 0, and w(0) = 0.
Even though Eqs. (16)-(18) can be solved exactly, it is
more instructive to focus on their long time behaviour,
which is more appropriate for the physical analysis. The
asymptotic expansion for small |ρ| and small η is detailed
in Appendix D. In particular, under this assumption we
can replace χt ' η(1 + ). By retaining the leading order
terms, for long times we have
u(t) 'A(1− ) + η(3A+ 2B)
2n0(1 + η)(1 + η − ) e
−ωt
+
ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
, (21)
v(t) ' η(A+ 2B)
2n0(1 + η)(1 + η − )e
−ωt
+
ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
, (22)
w(t) 'ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
, (23)
where the coefficients read
A =
ν
(2)
n
νm
(
1− 
1 + η
)
+ 2
(
1− 2 
1 + η
)
, (24)
B = νnm/νm − 2, and C = ν(2)m /νm + 2.
The asymptotic expressions in Eqs. (21), (22) and (23)
are compared to the numerical solutions of the exact
Eqs. (16), (17) and (18) in Figs. 5 and 6. The agreement
of the asymptotic to the exact solutions in the weak reac-
tivity regime is remarkable also for the second moments
of the populations. When the reactor is subcritical, the
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FIG. 5: (Color online) Evolution of the normalized and cen-
tered second moment of the neutron population u(t), starting
from a zero-reactivity equilibrium condition. Solid lines are
the numerical solutions of the exact Eq. (16), and dashed lines
are the asymptotic solutions provided in Eqs. (21) and (26).
The parameters are the following: n0 = 10
3, η = 8.333×10−3,
ανm = 1.2, λ = 10
−2, ν(2)n = 2, νnm = 2.4 × 10−2 and
ν
(2)
m = 4 × 10−3. Red (lower) curves correspond to a su-
percritical reactor with ρ = 5 × 10−3, green (upper) curves
correspond to a subcritical reactor with ρ = −5 × 10−3, and
blue (central) curves correspond to an exactly critical reactor
with ρ = 0. The dotted-dashed black line corresponds to the
asymptotic value u∞ expected for the supercritical configura-
tion, as given in Eq. (25).
average neutron and precursor populations decrease ex-
ponentially fast, so that u(t), v(t) and w(t) diverge ex-
ponentially fast as ∼ exp(|ω|t). At some point, u(t),
v(t) and w(t) will become larger than 1, and the fluc-
tuations will completely overrule the average behaviour
of the individuals. On the contrary, when the reactor is
supercritical the average neutron and precursor popula-
tions grow unbounded exponentially fast, and u(t), v(t)
and w(t) saturate to the asymptotic value
u∞ = v∞ = w∞ ' ανm
n0
η2(A+ 2B + C)
ω(1 + η)(1 + η − ) . (25)
In this regime, the fluctuations may still be large when
the initial neutron population n0 is small. The case of an
exactly critical system can be obtained from the previous
equations by taking the limit for ω → 0, with  = 0. We
thus obtain
u(t) ' A+ η(3A+ 2B)
2n0(1 + η)2
+
ανm
n0
η2(A+ 2B + C)
(1 + η)2
t, (26)
v(t) ' η(A+ 2B)
2n0(1 + η)2
+
ανm
n0
η2(A+ 2B + C)
(1 + η)2
t, (27)
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FIG. 6: (Color online) Evolution of the normalized and cen-
tered second moments v(t) (a) and w(t) (b), starting from
a zero-reactivity equilibrium condition. Solid lines are the
numerical solutions of the exact Eqs. (17) and (18), respec-
tively, and dashed lines are the asymptotic solutions pro-
vided in Eq. (22) (Eq. (27) for the critical case) and Eq. (22)
(Eq. (27) for the critical case), respectively, for small re-
activities and η  1. The parameters are the following:
n0 = 10
3, η = 8.333 × 10−3, ανm = 1.2, λ = 10−2, ν(2)n = 2,
νnm = 2.4 × 10−2 and ν(2)m = 4 × 10−3. Red (lower) curves
correspond to a supercritical reactor with ρ = 5 × 10−3,
green (upper) curves correspond to a subcritical reactor with
ρ = −5 × 10−3, and blue (central) curves correspond to an
exactly critical reactor with ρ = 0. The dotted-dashed black
line corresponds to the asymptotic value v∞ = w∞ expected
for the supercritical configuration, as given in Eq. (25).
w(t) ' ανm
n0
η2(A+ 2B + C)
(1 + η)2
t. (28)
In the critical regime, the average populations stay con-
stant, but the moments u(t), v(t) and w(t) diverge lin-
early in time and will ultimately cross the threshold at
one: this stems from the individuals being (almost surely)
doomed to extinction [2]. The typical extinction time τE
for the neutron population can be determined by impos-
ing u(τE) ' 1, which yields
τE =
n0
ανm(A+ 2B + C)η2
(29)
by neglecting sub-leading order terms.
If the reactor were to be operated with prompt neu-
trons alone, we would have
up(t) =
αν
(2)
n
n0
1− e−ωpt
ωp
, (30)
for ωp 6= 0, and
up(t) =
αν
(2)
n
n0
t (31)
7in the critical regime [28]. By direct inspection, observing
that the term νm(A+2B+C) is dominated by ν
(2)
n since∑
i Pi,j 
∑
j Pi,j for j ≥ 1, we have
u(t) ' ηup(ηt). (32)
In other words, in the presence of precursors, the normal-
ized and centered second moment of the neutron popu-
lation has a much slower evolution in time (t→ ηt, sim-
ilarly as for the case of the average number of particles),
and its amplitude is further rescaled by a factor η. As for
the extinction time, τpE ' n0/(αν(2)n ), and we would have
τE ' τpE/η2. In this respect, precursors are extremely ef-
fective in quenching the neutron fluctuations at the scale
of the global population.
IV. SPATIAL BEHAVIOUR OF THE
POPULATIONS
We would like now to address the spatial behaviour
of neutrons and precursors. For the sake of simplic-
ity, let us initially consider a one-dimensional domain
partitioned into cells of size `, the cell of index k con-
taining nk neutrons and mk precursors. The full state
of the particles will be provided by the vectors (n,m),
where n = {..., nk, ...} and m = {...,mk, ...}. In or-
der to manipulate a modified state where a particle
has been added or removed from the site k with re-
spect to n, it is convenient to resort to the formal-
ism proposed in [26, 35–37]: we will introduce the cre-
ation and annihilation operators a†k and ak, whose ac-
tion on n yields a†kn = (..., nk−1, nk + 1, nk+1, ...) and
akn = (..., nk−1, nk − 1, nk+1, ...), respectively, and the
operators b†k and bk that have identical action on m. As-
sume that the reactor is in state (n,m) at time t. Then,
the system
• has a transition {n,m} → {akn,m} with rate µkn,
• has a transition {n,m} → {(a†k)iakn, (b†k)jm} with
rate αi,jn = αPi,jnk,
• has a transition {n,m} → {a†kn, bkm} with rate
λmk,
• has a transition {n,m} → {a†k±1n,m} with rate
γnk,
where γ is the diffusion rate of neutrons from neighbour-
ing cells k ± 1. Following these definitions, the forward
master equation for the probability Pt(n,m) that at time
t the system is in state (n,m) obeys
∂
∂t
Pt(n,m) =
∑
k
[
−
∑
i,j
αi,jnkPt(n,m)
+
∑
i,j
αi,j(nk + 1− i)Pt((a†k)iakn, (b†k)jm)
− µnkPt(n,m) + µ(nk + 1)Pt(a†kn,m)
− λmkPt(n,m) + λ(mk + 1)Pt(akn, b†km)
− 2γnkPt(n,m) + γ(nk+1 + 1)Pt(aka†k+1n,m)
+ γ(nk−1 + 1)Pt(aka†k−1n,m)
]
. (33)
Generally speaking, the solutions of Eq. (33) could be
sought by resorting to a field-theoretical approach [37].
However, thanks to the master equation being linear, the
equations for the spatial moments of the population can
again be obtained by simpler algebraic manipulations of
Eq. (33) (see Appendix A).
A. Average particle densities
For the average number of particles in a cell k, namely,
〈nk(t)〉 =
∑
n,m
nkPt(n,m)
〈mk(t)〉 =
∑
n,m
mkPt(n,m), (34)
we get in particular the system
∂
∂t
〈nk(t)〉 = (γ∆ + ρ− ανm)〈nk(t)〉+ λ〈mk(t)〉,
∂
∂t
〈mk(t)〉 = ανm〈nk(t)〉 − λ〈mk(t)〉, (35)
where we have used the shorthand notation ∆fk =
fk+1 − 2fk + fk−1 for the discrete Laplacian operator.
We can then define the average densities of neutrons and
precursors by taking the continuum limit
N (x, t) = lim
`→0
〈nk(t)〉
`
, M(x, t) = lim
`→0
〈mk(t)〉
`
, (36)
where x = k`. By replacing these definitions in the pre-
vious equations, the average densities satisfy
∂
∂t
N (x, t) = (D∇2 + ρ− ανm)N (x, t) + λM(x, t),
∂
∂t
M(x, t) = ανmN (x, t)− λM(x, t), (37)
where we have used the Taylor expansion 〈∆nk(t)〉 '
`2∇2N (x, t), and D = lim`→0 γ`2 is the diffusion coeffi-
cient of the neutrons.
Imposing as above the zero-reactivity equilibrium ini-
tial conditions leads to N0 = N (x, 0) = ηM(x, 0), which
8means that the spatial profile of the neutron and precur-
sor concentrations will be flat. By inspection of Eq. (37),
it is apparent that starting from this initial condition the
concentrations will stay flat, and that their amplitude
will follow the same time behaviour as the average total
populations 〈n(t)〉 and 〈m(t)〉 in Eq. (B2). In particular,
for weak reactivities at long times we have
N (x, t) = N (t) ' N0 1 + η + 
1 + η
eωt (38)
and the ratio N (x, t)/M(x, t) asymptotically converges
again to the constant η(1 + ). Observe that the only
dimension-dependent term in Eq. (37) is the spatial
derivative ∇2, so that the evolution equations for the
concentration would be left almost unchanged in a d-
dimensional infinite space Rd, provided that we replace
x with r and ∇2 with the d-dimensional Laplacian ∇2d.
Finally, by analogy with the case of the average neu-
tron population, in the weak reactivity regime we have
N (t) ' Np(ηt), where Np(ηt) is the average neutron den-
sity for a reactor that were to be run based on prompt
neutrons alone.
B. Spatial correlation functions
We will define the spatial correlation functions
〈nknk+j〉 =
∑
n,m
nknk+jPt(n,m)
〈mkmk+j〉 =
∑
n,m
mkmk+jPt(n,m) (39)
and the cross-correlations
〈nk+jmk〉 =
∑
n,m
nk+jmkPt(n,m). (40)
We have dropped the explicit time dependence for the
sake of conciseness. Assuming that the initial particle
concentrations are spatially flat allows applying a trans-
lational symmetry to the system (in particular, for the
averages we have 〈nk〉 = 〈nk+j〉 and 〈mk〉 = 〈mk+j〉
∀k, j). It is then convenient to introduce the normalized
and centered moments
uj(t) =
〈nknk+j〉
〈nk〉2 − 1−
δj,0
〈nk〉
vj(t) =
〈nk+jmk〉
〈nk〉〈mk〉 − 1
wj(t) =
〈mkmk+j〉
〈mk〉2 − 1−
δj,0
〈mk〉 , (41)
which only depend on the relative distance |j| between
site k and k + j [26]. The Kronecker delta term δi,j
expresses the contribution of self-correlations. The evo-
lution equations for the spatial correlations are provided
in Appendix E, and read
∂
∂t
uj = 2(γ∆− λ
χt
)uj + 2
λ
χt
vj + αν
(2)
n
δj,0
〈nk〉 , (42)
∂
∂t
vj = ανmuj + (γ∆− ανmχt − λ
χt
)vj
+
λ
χt
wj + ανnmχt
δj,0
〈nk〉 , (43)
∂
∂t
wj = 2ανmχtvj − 2ανmχtwj + αν(2)m χ2t
δj,0
〈nk〉 , (44)
where we have used 〈nk〉/〈mk〉 = χt. By taking
again the continuum limit ` → 0, with r = `|j| and
γ∆fj ' D∇2f(r), we finally obtain the evolution equa-
tions for the correlations u(r, t) = lim`→0 uj(t), v(r, t) =
lim`→0 vj(t), and w(r, t) = lim`→0 wj(t), namely
∂
∂t
u(r, t) = 2(D∇2 − λ
χt
)u(r, t) + 2
λ
χt
v(r, t)
+ αν(2)n
δ(r)
N (t) , (45)
∂
∂t
v(r, t) = (D∇2 − λ
χt
− ανmχt)v(r, t) + ανmχtu(r, t)
+
λ
χt
w(r, t) + ανnmχt
δ(r)
N (t) , (46)
∂
∂t
w(r, t) = 2ανmχtv(r, t)− 2ανmχtw(r, t)
+ αν(2)m χ
2
t
δ(r)
N (t) . (47)
These equations hold true in any dimension d, provided
that ∇2 is replaced by the d-dimensional Laplacian ∇2d.
The long time and long distance expansion of the pre-
vious equations for small |ρ| and small η is discussed in
Appendix F for a d-dimensional domain. By retaining
the leading order terms, in this regime we obtain
u(r, t) ' ανmA
′(1− )
2N0(1 + η)(1 + η − )H(r, t)
+
ανm
N0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t), (48)
v(r, t) ' ανmη(A
′ + 2B′)
2N0(1 + η)(1 + η − )H(r, t)
+
ανm
N0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t), (49)
w(r, t) ' ανmN0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t), (50)
where we have defined the quantities
F (r, t) = e−ωt
∫ t
0
dt′eωt
′
G(r, t′), (51)
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FIG. 7: (Color online) Evolution of the normalized and cen-
tered pair correlation function u(r, t) for a one-dimensional
domain (a), starting from a zero-reactivity equilibrium con-
dition. Solid lines are the numerical solutions of the exact
Eq. (45), and dashed lines are the asymptotic solutions pro-
vided in Eqs. (21) and (26). The pair correlation functions are
displayed at time t = 3× 104, with the following parameters:
N0 = 103, η = 8.333 × 10−3, ανm = 1.2, λ = 10−2, ν(2)n = 2,
νnm = 2.4 × 10−2 and ν(2)m = 4 × 10−3. The presence of a
peak close to the origin is the signature of spatial clustering.
Red (lower) curves correspond to a supercritical reactor with
ρ = 5 × 10−3, green (upper) curves correspond to a subcrit-
ical reactor with ρ = −5 × 10−3, and blue (central) curves
correspond to an exactly critical reactor with ρ = 0. (b) An
inset displays the same curves with a logarithmic scale on the
ordinate axis.
where G(r, t) is the Gaussian function
G(r, t) =
exp
(
− r28ηDt
)
(8piηDt)d/2
, (52)
and
H(r, t) =
e−ωt
ανm
(ανm
D
) d+2
4
Kd/2−1
(
r
√
ανm/D
)
(2pi)d/2rd/2−1
, (53)
Ka(z) being the modified Bessel function of the second
kind [38]. The parameters read
A′ =
ν
(2)
n
νm
, (54)
B′ = νnm/νm and C ′ = ν
(2)
m /νm.
The asymptotic expressions in Eqs. (48), (49) and (50)
are compared to the numerical solutions of the exact
Eqs. (45), (46) and (47) in Figs. 7 and 8. In the weak
reactivity regime, the asymptotic solutions provide a re-
markable approximation of the exact correlation func-
tion (small discrepancies are nonetheless visible for short
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FIG. 8: (Color online) Evolution of the normalized and cen-
tered pair correlation function v(r, t) (a) and w(r, t) (b) for a
one-dimensional domain, starting from a zero-reactivity equi-
librium condition. Solid lines are the numerical solutions of
the exact Eqs. (46) and (47), respectively, and dashed lines
are the asymptotic solutions provided in Eqs. (22) (Eq. (27)
for the critical case) and (23) (Eq. (28) for the critical case),
respectively. The pair correlation functions are displayed at
time t = 3 × 104, with the following parameters: N0 = 103,
η = 8.333 × 10−3, ανm = 1.2, λ = 10−2, ν(2)n = 2, νnm =
2.4×10−2 and ν(2)m = 4×10−3. Red (lower) curves correspond
to a supercritical reactor with ρ = 5 × 10−3, green (upper)
curves correspond to a subcritical reactor with ρ = −5×10−3,
and blue (central) curves correspond to an exactly critical re-
actor with ρ = 0.
times and distances, as expected). For long times, u(r, t),
v(r, t) and w(r, t) have the same asymptotic behaviour.
When the reactor is subcritical, the average neutron and
precursor densities decrease exponentially fast, and the
spatial correlations diverge exponentially fast. On the
contrary, when the reactor is supercritical the average
neutron and precursor densities grow unbounded expo-
nentially fast, and u(r, t) ' (r, t) ' w(r, t) asymptotically
flatten out as
u∞(r, t) ' ανmN0
η2(A+ 2B + C)
ω(1 + η)(1 + η − )G(r, t), (55)
where we have used F (r, t) ' G(r, t)/ω for large times
and ω > 0. The case of an exactly critical system leads
to some simplifications: by taking the limit ω → 0 with
 = 0 and D = D/(1 + η) we get
u(r, t) ' A
′ (ανm
D
) d+2
4
2N0(1 + η)2
Kd/2−1
(
r
√
ανm/D
)
(2pi)d/2rd/2−1
+
ανm
N0
η(A′ + 2B′ + C ′)
(1 + η)2
Γd/2−1
(
r2
8ηDt
)
8pid/2Drd−2 , (56)
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v(r, t) ' η(A
′ + 2B′)
(
ανm
D
) d+2
4
2N0(1 + η)2
Kd/2−1
(
r
√
ανm/D
)
(2pi)d/2rd/2−1
+
ανm
N0
η(A′ + 2B′ + C ′)
(1 + η)2
Γd/2−1
(
r2
8ηDt
)
8pid/2Drd−2 , (57)
w(r, t) ' ανmN0
η(A′ + 2B′ + C ′)
(1 + η)2
Γd/2−1
(
r2
8ηDt
)
8pid/2Drd−2 , (58)
Γa(z) being the incomplete Gamma function [38].
The expression of the neutron spatial correlation func-
tion u(r, t) is to be compared with that of a reactor with-
out precursors, for which we would have
up(r, t) =
αν
(2)
n
N0 e
−ωpt
∫ t
0
dt′eωpt
′ exp
(
− r28Dt′
)
(8piDt′)d/2
(59)
for  6= 0, and
up(r, t) =
αν
(2)
n
N0
Γd/2−1
(
r2
8Dt
)
8pid/2Drd−2
(60)
for an exactly critical system [27, 28]. By inspection,
observing that the term νm(A
′+ 2B′+C ′) is dominated
by ν
(2)
n and that D ' D, we finally have
u(r, t) ' ηup(r, ηt), (61)
in close analogy with the result for u(t). Precursors are
therefore extremely effective also in quenching the spatial
clustering of the neutrons: in the presence of delayed
neutrons, the spatial correlation function of the neutron
population has a much slower evolution in time (t→ ηt,
similarly as for the case of the average density), and its
amplitude is further rescaled by a factor η.
V. CONCLUSIONS
Fission chains in nuclear reactors fluctuate in space and
time due to the competition between neutron diffusion,
births by fission and deaths by absorption. Because of the
interplay between these three key mechanisms, the neu-
tron population, although uniformly distributed in space
at the initial time, may later display patchiness, a phe-
nomenon which is known as spatial clustering. Close to
the critical regime, the typical fluctuations may even be-
come larger than the typical local neutron density, and
thus make the average system behaviour meaningless.
Nuclear reactors operated close to the critical point re-
quire that the population of prompt neutrons instanta-
neously emitted at fission events must be in equilibrium
with the much smaller population of delayed neutrons,
emitted after Poissonian times by the nuclear decay of
the fissioned nuclei (the so-called precursors). The ratio
η = λ/(ανm) between the rate at which precursors disap-
pear by giving rise to delayed neutrons (λ) and the rate
at which precursors are created by fission events (ανm)
plays a central role in determining the behaviour of the
space-time fluctuations.
We have first explicitly derived the asymptotic expres-
sions of the averages and the second moments of the total
neutron and precursor populations, which are initially at
equilibrium with a ratio n0/m0 = η  1. In the presence
of delayed neutrons induced by the decay of precursors,
the average populations evolve in time much less rapidly
(by a factor η) than for the case of a reactor with prompt
neutrons alone. The normalized variance of the number
of neutrons also evolves in time by a factor η less rapidly,
and its amplitude is further rescaled by a factor η with
respect to its purely prompt counterpart. This effect is
due to the buffering effect of the precursor population.
Then, on the basis of these results, we have turned
our attention to the case of the average spatial densi-
ties and the spatial correlation functions, for which we
have derived the asymptotic expressions in the weak re-
activity regime. Not entirely surprisingly, we have shown
that the smoothing effect of precursors observed for the
total populations carries over also to these physical ob-
servables. In particular, the spatial correlation function
again evolves in time by a factor η less rapidly, and its
amplitude is further rescaled by a factor η with respect
to its purely prompt counterpart. This physically means
that the equilibrium between neutrons and precursors is
actually key in quenching the neutron fluctuations at the
global scale as well as the spatial clustering at (and close
to) the critical point.
Appendix A: Obtaining the moments from the
master equation
We sketch here the derivation of the moment equations
from the master equation, in order for the paper to be
self-contained. A more thorough discussion can be found
in [26, 27]. Consider for instance a master equation in
the form
∂
∂t
Pt(n) = W (n− 1)Pt(n− 1)−WnPt(n), (A1)
where W is a rate. Upon multiplying each term by a
factor nm and summing over n, the left-hand-side imme-
diately yields ∂t〈nm〉. At the right-hand-side, a change
of index n→ n+ 1 transforms
W
∑
n
nm(n−1)Pt(n−1)→W
∑
n
(n+1)mnPt(n). (A2)
Then, we get
∂
∂t
〈nm〉 = W 〈n(n+ 1)m〉 −W 〈nm+1〉. (A3)
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Observe that n(n+ 1)m − nm+1 is a polynomial of order
m. For instance, for the average we have m = 1 and
∂
∂t
〈n〉 = W 〈n〉, (A4)
whereas for the second moment m = 2 and
∂
∂t
〈n2〉 = 2W 〈n2〉+W 〈n〉. (A5)
The spatial behaviour can be obtained by following the
same strategy. Observe that the creation and annihila-
tion operators commute, i.e., aka
†
kn = a
†
kakn. Consider,
e.g., a master equation in the form
∂
∂t
Pt(n) =
∑
i
[W (ni − 1)Pt(ain)−WniPt(n)]. (A6)
Upon multiplication of each term by nmk and summa-
tion over n, the left-hand-side yields ∂t〈nmk 〉. At the
right-hand-side, the term
∑
n
∑
i n
m
k W (ni − 1)Pt(ain)
can be grouped with −∑n∑i nmk WniPt(n) by chang-
ing the summation variable n→ a†in. This gives
W
∑
n
∑
i
[(nk + δk,i)
mni − nmk ni]Pt(n). (A7)
The only non-vanishing term of the sum over i is then
for i = k, which finally yields
∂
∂t
〈nmk 〉 = W 〈(nk + 1)mnk〉 −W 〈nm+1k 〉. (A8)
For instance, for the average we have
∂
∂t
〈nk〉 = W 〈nk〉, (A9)
whereas for the second moment
∂
∂t
〈n2k〉 = 2W 〈n2k〉+W 〈nk〉. (A10)
Appendix B: Asymptotic analysis of the average
total populations
Equations (2), together with the initial conditions in
Eqs. 5, can be solved exactly, and yield
〈n(t)〉 = n0 (ρ− Ω2)e
Ω1t + (Ω1 − ρ)eΩ2t
Ω1 − Ω2 (B1)
〈m(t)〉 = m0 Ω2e
Ω1t − Ω1eΩ2t
Ω2 − Ω1 , (B2)
where the eigen-frequencies Ω1,2 are determined by the
roots of the characteristic polynomial associated to (2),
namely,
Ω1,2 =
−λ+ ρ− ανm ±
√
4λρ+ (λ− ρ+ ανm)2
2
. (B3)
Then, since Ω1 ≥ Ω2 and Ω2 < 0, for long times t 
1/(Ω1 − Ω2) the moments asymptotically behave as
〈n(t)〉 ' n0 ρ− Ω2
Ω1 − Ω2 e
Ω1t (B4)
〈m(t)〉 ' m0 Ω2
Ω2 − Ω1 e
Ω1t. (B5)
The sign of Ω1 depends on the reactivity ρ. The ra-
tio between the two average populations asymptotically
converges to a constant, namely,
〈n(t)〉
〈m(t)〉 ' η
Ω2 − ρ
Ω2
. (B6)
If the net reactivity is weak, expanding in small powers
of |ρ| yields the characteristic roots
Ω1 ' η
1 + η
ρ (B7)
Ω2 ' −ανm(1 + η − ), (B8)
where we have introduced
 =
ρ
ανm
1
1 + η
. (B9)
For long times, the average densities will then exponen-
tially grow or shrink with an asymptotic period
ω =
η
1 + η
ρ. (B10)
Appendix C: Equations for the second moments
The equations for the second moments
〈n2(t)〉 =
∑
n,m
n2Pt(n,m), (C1)
〈m2(t)〉 =
∑
n,m
m2Pt(n,m) (C2)
and for the cross-moment
〈n(t)m(t)〉 =
∑
n,m
nmPt(n,m) (C3)
are slightly cumbersome. After some manipulations (see
Appendix A), we get
∂
∂t
〈n2(t)〉 = 2(ρ− ανm)〈n2(t)〉+ 2λ〈n(t)m(t)〉
+ (αν(2)n + ανm − ρ)〈n(t)〉+ λ〈m(t)〉, (C4)
∂
∂t
〈n(t)m(t)〉 = (ρ− ανm − λ)〈n(t)m(t)〉
+ ανm〈n2(t)〉+ λ〈m2(t)〉+ ανnm〈n(t)〉
− ανm〈n(t)〉 − λ〈m(t)〉, (C5)
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∂
∂t
〈m2(t)〉 = 2ανm〈n(t)m(t)〉 − 2λ〈m2(t)〉
+ (αν(2)m + ανm)〈n(t)〉+ λ〈m(t)〉, (C6)
where we have defined the factorial moments
ν(2)n =
∑
i,j
i(i− 1)Pi,j (C7)
ν(2)m =
∑
i,j
j(j − 1)Pi,j (C8)
and the cross-moment
νnm =
∑
i,j
ijPi,j . (C9)
These equations are to be solved together with the ini-
tial conditions 〈n2(0)〉 = n20, 〈n(0)m(0)〉 = n0m0 and
〈m2(0)〉 = m20. Similar results for the second moments
have been previously obtained by several authors by fol-
lowing different strategies [1, 2, 39–41].
Appendix D: Asymptotic analysis of the second
moments of the total populations
The system of differential equations (16), (17) and (18)
can be written in the compact form
1
ανm
∂
∂t
U(t) = MU(t) +Q
e−ωt
n0
, (D1)
by setting U(t) = [u(t), v(t), w(t)]
T
,
M =
 −2(1− ) 2(1− ) 0η −1− η +  1− 
0 2η −2η
 (D2)
and Q =
[
A, ηB, η2C
]T
, with
A =
ν
(2)
n
νm
(
1− 
1 + η
)
+ 2
(
1− 2 
1 + η
)
(D3)
B =
νnm
νm
− 2 (D4)
C =
ν
(2)
m
νm
+ 2. (D5)
Then, by taking the Laplace transform of each term, we
get the algebraic system(
M− s
ανm
I
)
U˜(s) = − 1
n0
1
ω + s
Q, (D6)
where s denotes the Laplace variable and I the identity
matrix. The asymptotic behaviour of the variances can
be determined by solving the system (D6) and expanding
the transformed solutions U˜(s) = [u˜(s), v˜(s), w˜(s)]
T
in
dominant powers for small s. By retaining the leading
order terms we get
u˜(s) ' ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − ) F˜ (s)
+
A(1− ) + η(3A+ 2B)
2n0(1 + η)(1 + η − ) sF˜ (s), (D7)
v˜(s) ' ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − ) F˜ (s)
+
η(A+ 2B)
2n0(1 + η)(1 + η − )sF˜ (s), (D8)
w˜(s) ' ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − ) F˜ (s), (D9)
where we have defined
F˜ (s) =
1
s(ω + s)
. (D10)
Then, by reverting to the real space we obtain
u(t) ' A(1− ) + η(3A+ 2B)
2n0(1 + η)(1 + η − ) e
−ωt
+
ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
, (D11)
v(t) ' η(A+ 2B)
2n0(1 + η)(1 + η − )e
−ωt
+
ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
, (D12)
w(t) ' ανm
n0
η2(A+ 2B + C)
(1 + η)(1 + η − )
1− e−ωt
ω
. (D13)
Appendix E: Equations for the spatial correlations
By manipulating the master equation (33) (see Ap-
pendix A), we obtain the evolution equations
∂
∂t
〈nknk+j〉 = 2(ρ− ανm)〈nknk+j〉+ γ〈nk∆nk+j〉
+ γ〈nk+j∆nk〉+ λ(〈nk+jmk〉+ 〈nkmk+j〉)
+ δj,0((αν
(2)
n + ανm − ρ)〈nk〉+ λ〈mk〉)
+ δj,0γ(〈nk+1〉+ 〈nk−1〉+ 2〈nk〉)
− δj,1γ(〈nk+1〉+ 〈nk〉)
− δj,−1γ(〈nk〉+ 〈nk−1〉), (E1)
∂
∂t
〈nk+jmk〉 = (ρ− ανm − λ)〈nk+jmk〉+ γ〈mk∆nk+j〉
+ ανm〈nknk+j〉+ λ〈mkmk+j〉
+ δj,0(ανnm + ανm − ανm)〈nk〉
− δj,0λ〈mk〉, (E2)
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∂
∂t
〈mkmk+j〉 = ανm(〈nk+jmk〉+ 〈nkmk+j〉)
− λ〈mkmk+j〉+ δj,0(αν(2)m + ανm)〈nk〉
+ δj,0λ〈mk〉. (E3)
Appendix F: Asymptotic analysis of the spatial
correlations
In the long time limit, N (t) ' N0eωt and χt ' η(1+),
so that we can rewrite Eqs. (45), (46) and (47) as
1
ανm
∂
∂t
U(r, t) = (M+D∇2)U(r, t)+Q′ e
−ωt
N0 δ(r), (F1)
where we have defined the correlation vector U(r, t) =
[u(r, t), v(r, t), w(r, t)]T , the rescaled diffusion matrix
D =
D
ανm
 2 0 00 1 0
0 0 0
 . (F2)
and Q′ =
[
A′, ηB′, η2C ′
]T
, with A′ = ν(2)n /νm, B′ =
νnm/νm and C
′ = ν(2)m /νm. The matrix M has been
defined in Eq. (D2). Observe that M and D do not
commute.
By taking the Laplace and Fourier transforms, this
system of partial differential equations reduces to an
algebraic system for the transformed vector U˜(k, s) =
[u˜(k, s), v˜(k, s), w˜(k, s)]T , namely,(
M− k2D− s
ανm
I
)
U˜(k, s) = − 1N0
1
ω + s
Q′, (F3)
where k denotes the Fourier variable. The asymptotic
solution in time and space for the system is obtained by
taking s→ 0 and |k| → 0, respectively. By retaining the
leading order terms for small  and small η we get
u˜(k, s) ' ανmN0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F˜ (k, s)
+
ανmA
′(1− )
2N0(1 + η)(1 + η − )H˜(k, s) (F4)
v˜(k, s) ' ανmN0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F˜ (k, s)
+
ανmη(A
′ + 2B′)
2N0(1 + η)(1 + η − )H˜(k, s), (F5)
w˜(k, s) ' ανmN0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F˜ (k, s), (F6)
where we have set
F˜ (k, s) =
1
(ω + s) (2ηDk2 + s) , (F7)
with D = D/(1 + η − ), and
H˜(k, s) =
1
(ω + s) (Dk2 + ανm) . (F8)
For domains where spherical symmetry applies, the d-
dimensional inverse Fourier transform f(r) = F−1[f˜(k)]
may be expressed as [34]
f(r) =
r1−d/2
(2pi)d/2
∫ ∞
0
kd/2Jd/2−1(kr)f˜(k)dk, (F9)
where Ja(z) is the modified Bessel function of the first
kind [38]. Now, observe that the function F (r, t) =
F−1[L−1[F˜ (k, s)]] is given by
F (r, t) = e−ωt
∫ t
0
dt′eωt
′
G(r, t′), (F10)
where G(r, t) is the Gaussian function
G(r, t) =
exp
(
− r28ηDt
)
(8piηDt)d/2
, (F11)
and the function H(r, t) = F−1[L−1[H˜(k, s)]] is given by
H(r, t) =
e−ωt
ανm
(ανm
D
) d+2
4 Kd/2−1
(
r
√
ανm
D
)
(2pi)d/2rd/2−1
. (F12)
The solution U(r, t) in real space can be therefore ex-
pressed as:
u(r, t) ' ανmA
′(1− )
2N0(1 + η)(1 + η − )H(r, t)
+
ανm
N0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t), (F13)
v(r, t) ' ανmη(A
′ + 2B′)
2N0(1 + η)(1 + η − )H(r, t)
+
ανm
N0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t), (F14)
w(r, t) ' ανmN0
η2(A′ + 2B′ + C ′)
(1 + η)(1 + η − ) F (r, t). (F15)
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